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Man is a creature inhabiting a world of three spatial dimensions jointly with his computer progeny. Effective communication between man and the com­puter should involve the manipulation and stereoscopic graphic display of three-dimensional data. This paper describes a real-time interactive stereo­
scopic computer facility with stereoscopic displays for output from the com­puter and a device for three-dimensional input to the computer.
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• This is an age when science and 
technology looks upon itself, or is 
looked upon, as having a great in­
fluence upon art and artists.1 How­
ever, throughout history art and 
science have been so intertwined 
that any attempt to discover which 
has influenced the other is extreme­
ly difficult and speculative. How­
ever, on some splendid occasions a 
contribution from one culture to 
the other culture is clearly and dis­
tinctly made. Such an occasion oc­
curred during the Renaissance 
when the Italian painter Leone 
Battista Alberti expounded in an 
essay on painting, usually referred 
to as the della Pittura, the earliest 
known geometrical scheme for de­
picting objects in a unified space, 
or what is today known as “per­
spective.”2
Perspective Projection

Most artists are thoroughly fa­
miliar with simple graphical tech­
niques for using perspective in their 
work. Similarly, geometricians are 
thoroughly familiar with the sim­
ple equations, derived from noth­
ing more complex than similar tri­
angles, that characterize and define 
perspective projection from three 
dimensions to two dimensions. 
Since modern day digital compu­
ters are unable to manipulate 
straight edges and other drafting 
tools, this mathematical formula­
tion of perspective geometry was 
an absolute necessity for using 
computers and automatic plotting 
devices for calculating and plotting 
perspective projections of three-di­
mensional data. Similarly, as soon 
as computer-generated movies were 
discovered, it was only natural that 
perspective was added. This per­
spective greatly enhanced the nat­
uralness of these early computer­
generated movies.3
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Stereoscopy
Man experienced the sensation 

of depth because he has two eyes, 
which view the world from two 
slightly different locations. Thus, if 
two slightly different perspective 
pictures are presented separately to 
each eyes, the human brain will 
translate their minute differences 
into a very realistic depth effect. As 
a computerized technique, the 
computer need only calculate two 
perspective projections of the 
three-dimensional data, from two 
different viewing points. Pioneering 
work in the production of compu­
ter-generated stereoscopic pictures 
was done by Bela Julesz for stimu­
li in psycho-physical investigations 
of depth perception.4 Computer­
generated stereoscopic pictures and 
movies were later used rather ex­
tensively to present scientific and 
technological data.5'9

Real-Time Interactive Stereoscopy
As another aspect of computer 

graphics as a new form of man-ma­
chine communication, computer­
generated images were being dis­
played in real-time on cathode ray 
tubes. Elaborate programs were 
written to permit the manipulation 
of images in an interactive man- 
machine environment.10'11 The mar­
riage of stereoscopic computer- 
graphics with real-time interactive 
computer-graphics was a natural 
and obvious union. There were, 
however, a number of problems in 
terms both of hardware for input 
and output of three-dimensional 
data and of appropriate software 
for quickly and easily manipulating 
three-dimensional data, and for cal­
culating the final stereo pair of 
images. This paper discusses the 
compromises and final solutions of 
these problems and which made 
possible the actual implementation 
of a stereoscopic real-time interac­
tive computer-graphics research fa­
cility. Descriptions are given of 
some of the practical uses of the 
facility and also some of the re­
search work presently being con­
ducted and planned for the facility. 
The derivation of the simple equa­

tions for stereoscopic projection are 
given in the appendix.
Stereoscopic Displays

A stereoscopic display presents 
the left and right images separate­
ly to the left and right eyes. There 
are many ways to accomplish such 
a separate presentation. This sec­
tion of the paper discusses some of 
the more common methods.

The old stereopticon consisted of 
two lenses and two pictures placed

Figure 1. A stereoscopic viewing system 
using two miniature cathode ray tubes 
and blanking signals so that the image 
on only one of the tubes is displayed at 
a time.

Figure 2. Photograph of a dual cathode- 
ray-tube stereoscope. A conventional 
hand-held stereoscope has been modi­
fied and fitted with two Thomas Elec­
tronics one-inch diameter tubes.

about 2.5 inches apart. Borrowing 
upon the simple concepts of this 
old method results in a computer­
generated display counterpart as 
shown in Fig. 1. Two miniature, 1- 
inch diameter, cathode ray tubes 
separately display the left and right 
images. The viewer observes the 
faces of the two tubes through a 
simple lens system which has pro­
visions for adjusting the focus and 
the interpupilary distance of the 
lenses. The small tubes provide 
high resolution (about 1000 lines 
per inch) and fast deflection speed, 
so that a reasonable amount of data 
can be presented flicker free. How­
ever, high voltages are necessary 
for the deflection plates of the 
tubes, and these voltages are quite 
close physically to the viewer, Ap­
parently, the safety problem does 
not appear, since two miniature 
cathode ray tubes are being used 
on a helmet-mounted stereo system 
designed by Bell Helicopter Com­
pany for use by helicopter pilots 
and later adopted for computer 
graphics displays.12'13

A dual cathode ray tube display 
was constructed at Bell Labs using 
miniature tubes manufactured by 
Thomas Electronics (Fig. 2). The
computer outputs the left and right 
images to both tubes. A blanking 
signal is used to turn off one of the 
tubes so that each eye sees only its 
appropriate image. One disadvan­
tage of this system is the added 
electronic circuitry required for the 
blanking signals and the high de­
flection voltages for the cathode ray 
tubes. Also, a sizeable expenditure 
is required for a system which can 
be used only for three-dimensional 
computer-graphics.

A single large-screen cathode ray 
tube can be used for stereoscopic 
displays by plotting the left and 
right images side-by-side on the 
same screen. Since the two images 
are now widely separated, prisms 
or mirrors have to be used for 
viewing the images as shown in 
Figs. 3a and 3b. This mirror system 
is normally used in those applica­
tions requiring exactness and care­
ful control of image presentation, 
because with the mirrors, both 
images are viewed perpendicularly. 
However, since mirror systems tend 
to be large and bulky, the prism 
system seems best as a general pur­
pose stereoscope. Even though the
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images are not being viewed per­
pendicularly, the viewer does not 
usually notice any image distortion. 
A simple prism stereoscope can be 
made and is a light weight attach­
ment that can be easily slipped 
over the face of the cathode ray 
tube, as shown in the photograph 
of Fig. 4b. A mirror stereoscope is 
shown in the photograph of Fig. 4a.

The last method of viewing ster­
eoscopic images does not involve 
any stereoscope at all but is based 
upon the ability of the viewer to 
interrupt the normal relationships 
between his visual functions of con­
vergence and focusing. In Fig. 3c, 
the viewer simply looks cross-eyed 
at the screen. At first this task is 
very difficult, but practice seems to 
help. Also, three images are seen, 
and it is the center image which 
must be focused upon. However, 
although this “method” is the sim­
plest, its expense is in terms of the 
headaches and the frustration of 
the inexperienced as they attempt 
it!
Three-Dimensional Input Devices

If a 3-D, interactive, computer- 
graphics facility is to be useful, 
then the user must be able to com­
municate in three-dimensions with 
the computer. This means that a 
device, allowing effective and ef­
ficient input of three-dimensional 
data, must be available. This sec­
tion of the paper discusses a few 
such three-dimensional input de­
vices.

The simplest, and in this case, 
the worst, 3-D input device uses 
three knobs to determine the X, Y, 
and Z input values. However, past 
experience demonstrated that two
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Figure 3. Different stereoscopic viewing 
systems for viewing left-eye and right- 
eye images presented on a large cathode 
ray tube: (a) mirror stereoscope, (b) prism 
stereoscope, and (c) cross-eyed viewing.

knobs for two-dimensional input to 
the computer are awkward to use, 
while such devices as light pens 
and pen-tablets are infinitely better. 
So adding a third dimension, in the 
form of a third knob, only makes 
more difficult an already miserable 
system. Hence, attention must be 
given to some pointer-like, or stick­
like, or pencil-like device that con­
trols all three dimensions at once 
so that one hand can be used to 
“draw” the three-dimensional data.
Conversion Required

As a possibility in this stick-like 
direction, con sider the device 
shown in the sketch of Fig. 5. This 
device works in a spherical coordi­
nate system. The two potentiome­
ters mounted at the gimbal sense 
the angular position. A third poten­
tiometer senses the position in the 
radial direction. The major prob­
lem working in this type of coordi­
nate system is that the angular and 
radial position data must be con­
verted to rectangular coordinates, 
since in nearly all applications com­
putations are most simply per­
formed by the computer in a rec­
tangular coordinate system, for ex­
ample, stereoscopic projections. 
This conversion would have to be 
made by the computer and would 
be time consuming enough to inter­
fere with normal computational ef­
ficiency.

Fig. 6 depicts a system using mu­
tually orthognonal linear potenti­
ometers to sense directly the posi­
tion of the stick in rectangular co­
ordinates. This was constructed and 
is shown in Figs. 7a and 7b. Since 
easy movement in three dimensions 
was critically important, the mov-
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ing mass had to be as low as pos­
sible. Hence, aluminum and other 
light-weight materials were used. 
Thomson linear bearings were used 
to keep friction to a minimum. This 
simple-minded, but most effective, 
device has been in use now for 
about three years and has per­
formed satisfactorily. All the appli­
cations described later in this paper 
have used this device for three-di­
mensional input to the computer. 
Figure 8 is a photograph of the 3-D 
input device used with the prism 
stereoscope.

Other three-dimensional input 
devices have been reported in the 
literature, most notably the Lincoln 
Wand which used arrays of micro­
phones to sense a high-frequency 
pulse.14 Timing information is used 
to fix the position of the wand 
within a three-dimensional space. 
Unfortunately, this device is sub­
ject to spurious reflections of the 
pulses and also requires somewhat 
complex electronic hardware. It is 
nevertheless an interesting gadget.
Software

The prime philosophy in the soft­
ware package for stereoscopic com­
puter-graphics was ease of use, with 
as simple a data structure as possi­
ble. Essentially the software pack­
age was to be user-oriented with 
simple FORTRAN-callable subrou­
tines, with simple argument strings. 
The final software package actually 
consists of two groups of subrou­
tines: one group for stereoscopic 
projections and a second group for

Figure 4. Photographs of (a) a mirror stereoscopic attachment and (b) a prism 
stereoscopic attachment.
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general-purpose graphics. This sec­
tion of the paper gives some feel 
for these subroutine packages.
Graphics Package

The general purpose graphics 
package has subroutines for draw­
ing dots, lines, and characters at 
specified places on the display 
screen. The lines are drawn as a 
series of closely-spaced dots, which 
are interpolated between the end 
points of the lines. The interpola­
tion is in terms of equal intervals 
along either the x-axis or the y-axis 
depending upon the slope of the 
line. The characters are produced 
from a basic 5 by 7 dot matrix and 
can be varied in size. All of these 
subroutines result in sets of x-y 
packed coord inate pairs being 
placed in specified output arrays. 
Other subroutines specify the 
names and sizes of the output ar­
rays and turn the display interrupt 
on or off. The programmer deals 
with his data in terms of x and y 
coordinates, while the actual output 
data is packed for him by the sub­
routines. Hence the data structure 
is simply arrays of x and y coordi­
nates while, the names of these ar­
rays and their sizes form the bulk 
of the subroutine argument strings. 
Of course, everything is FOR- 
TRAN-compatible and the com­
plete package requires about 600 
(decimal) locations.
Stereoscopic Package

The stereoscopic package is also 
FORTAN compatible, consists of 
two subroutines, and requires about 
180 (decimal) locations. The three- 
dimensional data must fall within 
a cube centered about the origin 
and with an edge length of 4095. 
The first subroutine is for initializa­
tion and for specifying the interfo- 
cal distance D and the viewing dis­
tance R. From these parameters, 
the scaling factor S and origin off­
set correction factor D/ (2R) are 
computed. The second subroutine 
performs the stereoscopic projec­
tions from a single array containing 
the X, Y, and Z coordinates in se­
quence into three arrays containing 
XL, XR, and YLR also in sequence. 
Sense switches on the console of

the computer are used to specify 
whether the left and right images 
are to be displayed on the single 
large cathode ray tube, or on the 
dual miniature cathode-ray-tube 
device, and whether the left image 
or right image is to be plotted on 
the left or right side of the display. 
This information is used by the 
stereoscopic projection subroutine 
to calculate the appropriate con­
stant offsets so that the values of 
XL, XR, and Y Lr can be used direct­
ly without further modification in 
the general purpose graphics sub­
routines for actual final plotting.
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Figure 5. Sketch of a three-dimensional 
input device. The wand is free to rotate 
in a gimbal whose angular position is 
sensed by two potentiometers. Radial 
movement of the wand is sensed by a
third potentiometer.

Figure 6. Sketch of a three-dimensional 
input device based upon a cartesian 
system using three mutually-perpendic- 
ular linear potentiometers.

Some Applications
All of the preceding hardware 

and software was implemented on 
a Honeywell DDP-224 computer 
with 32,000 words of core storage. 
This computer is a 24 bit machine 
with floating-point hardware and a 
cycle time of 1.9 micro-seconds. 
The actual hardware and software 
details of this facility have been 
previously described.15 In addition 
to its use as a research facility for 
investigations of new forms of man- 
machine communication, the com­
puter facility is also being used 
quite extensively for on-line speech 
research.10’17

Speech scientists are quite ac­
customed to spectrographic displays 
of speech in which time is plotted 
along the X-axis, frequency is plot­
ted along the y-axis, and spectral en­
ergy is plotted as a darkening of the 
paper. If the spectral energy were 
plotted in a third spatial dimension 
and if short-time spectral slices 
were calculated by the computer, 
then a three-dimensional plot of the 
speech spectra could be made. This 
was done before, but the plot was 
not very successful in making the 
spectral peaks or formats more 
apparent.18 Speech spectra were 
hence displayed stereoscopically 
with provision for rotating the 
spectra so that they could be 
viewed from different directions. In 
this way one might look down the 
valleys between the spectral peaks 
and better distinguish these peaks. 
Although the technique worked, no 
new insight was gained about the 
speech spectra.

4-Dimensional Hypercube
In another application, the facili­

ty was used to display stereoscopic- 
ally the three-dimensional perspec­
tive projection of a four-dimension­
al hypercube.19 The stated purpose 
of the experiment was to determine 
if real-time interaction in the form 
of rotation in four-dimensional 
space might help to give some feel 
for a fourth spatial dimension. Un- 
forunately, once again no new in­
sight was obtained.

Using an interactive computing 
facility for simply rotating three- 
dimensional data is a waste of com­
puting power since such rotation is 
best done with computer-generated 
rotational holograms.20 The compu-
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ter is needed when calculations and 
interaction other than three-dimen­
sional rotation is required. As an 
example, the display of the results 
of three-dimensional statistical scal­
ing calculations normally would in­
volve nothing more complicated 
than rotation, and hence a compu­
ter-generated rotational hologram 
would suffice. However, when a 
considerable number of data points 
must be displayed, each point can­
not be individually identified since 
this would clutter the display. In 
an interactive facility, the user can 
use the three-dimensional input de­
vice to latch on to a point, and this 
point can then be identified by a 
number of some other information. 
Also, the display might be recalcu­
lated for only a selected subset of 
the data points.
Full Power Application

The full power of interactive 
three-dimensional computer graph­
ics was required for a program for 
drawing in three dimensions. 
Straight lines and curves could be 
drawn by using the three-dimen­
sional device. These lines and 
curves could then be latched onto 
and either translated or rotated. All 
of this was real-time and only when 
extremely-complicated objects were 
drawn did a noticeable delay in ro­
tation or translation occur, and for

these cases, flicker was already also 
becoming noticeable.

A scanned-type display was also 
available, and a stereoscopic soft­
ware package was written for use 
with it.21 Although this scanned dis­
play had such a low resolution that 
only a little over 100 points were 
available for each separate image 
of the stereoscopic pair, a reasona­
ble depth sensation was never­
theless possible. A stereoscopic 
scanned display would be particu­
larly useful for presenting detailed 
surfaces stereoscopically without 
flicker although research in this di­
rection has not yet been conducted 
using the DDP-224 computer fa­
cility.
Concluding Remarks

Over the past few years compu­
ter systems have been designed 
that use special digital hardware 
for performing rotations and per­
spective projects.22 Also, fairly 
elaborate and sophisticated pro­
gramming languages and data 
structures have been devised for 
interactive com puter graphics.23 
The computer system described 
herein does the rotation and stereo­
scopic-projection calculations by 
software written in assembly lan­
guage for use as subroutines in 
FORTRAN or in assembly-lan­
guage main programs. These soft-

Figure 7. Photographs of a three-dimensional cartesian input device both (a) with 
and (b) without external covers.
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ware calculations are sufficiently 
fast to insure real-time operation, 
and the data structure and argu­
ment strings are sufficiently simple 
to insure programming ease. One 
can only wonder whether the spe­
cial-purpose hardware was perhaps 
a needless complication and ex­
pense for most applications and 
whether the elaborate program­
ming languages and data structures 
might not have actually impeded 
many application oriented uses. 
Most certainly the final responsibil­
ity is upon the user to make use of 
the most appropriate and expedient 
techniques for his particular appli­
cation. Also, many of the special 
purpose hardware, sophisticated 
programming languages, and elabo­
rate data structures are most inter­
esting as research entities which 
must be adequately explored and 
evaluated for application to ex­
tremely complex interactive display 
situations.

Other than three-dimensional 
drawing program, real-time interac­
tive stereoscopy would seem to 
have been nothing but another aca­
demic exercise in man-machine 
communication. In most data dis­
play applications, the monocular

Figure 8. Photograph of an interactive, 
stereoscopic, man-machine communica­
tion system.
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perspective depth clues are suffi­
ciently strong that stereoscopy can 
add very little more. For this rea­
son, stereoptical data displays eith­
er interactive or non-interactive 
have not been widely used. The 
data must be devoid of monocular 
depth clues and reasonably com­
plex before stereoscopy can be of 
assistance. Hence, the prime areas 
of use thus far are in design and in 
the visual arts.24 However, the dis­
play of data involving four or more 
dimensions in such a way that the 
user can easily and quickly grasp 
the structure of the data is an un­
solved and most challenging prob­
lem. Stereoscopy might be of criti­
cal importance in the solution of 
such display problems.

The work described in this paper 
is really a small subpart of a proj­
ect to develop a tactile man-ma­
chine communication facility, and 
it is within this context that real­
time interactive stereoscopy wall be 
of crucial importance. The tactile 
device will be used to augment the 
stereoscopic display for such tasks 
as latching on to a line or object in 
three dimensions. It will also be 
used in psychological investigations 
of interactions between the human 
tactile and visual communication 
channels. A tactile communication 
facility opens the door to a totally- 
new man-machine communication 
channel and quite obviously is a 
totally-new story worthy of its own 
paper which was published in SID 
Journal, July/Aug. 1972.
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Appendix: Theory of Stereoscopic Projection

Although the equations for ster­
eoscopic projection are simple and 
easily derived, they will be given 
here since the definitions of terms 
used in the equations might not be 
familiar and will be used later. 
Many mathematical techniques can 
be used to derive the equations. 
The simplest method involves the 
geometry of the situation (Figs. A1 
and A2) and nothing more compli­
cated than similar triangles.

Consider a cartesian coordinate 
system X, Y, and Z with a point P 
in this system defined by the coor­
dinates x, y, and z. This point is to 
be perspectively projected on to 
the left and the right picture planes 
with viewing points VPL and VPR 
separated by the “inter-pupilary” 
distance D and at a “focus” dis­
tance F behind the picture planes. 
The viewing points are at a dis­
tance R from the X-axis. The per­
pendicular projection of VPL and 
VPR on to the left and the right 
picture planes, respectively, defines 
the origins in the picture-plane co­
ordinate systems.

Figures A1 and A2 depict the 
geometry of this situation as seen 
perpendicular to the XZ and YZ 
planes, respectively. The coordi­
nates of the projected point in the 
left and the right picture planes

are (XL, YLR) andXR, YLR), where 
positive XL and XR are to the right. 
The vertical distance, YLR, of the 
projected point is the same in both 
the left and the right picture 
planes. The right triangles making 
up the geometry of the situation, as 
shown in Fig. Al, are similar tri­
angles so that the unknown dis­
tance XL is easily calculated. A sim­
ilar situation exists for XR and also 
for Ylr as shown in Fig. A2. The 
equations are

The focus distance F manifests 
itself in these equations as a con­
stant scale factor, equally affecting 
all three coordinate values. Hence, 
it will affect only the overall size 
of the left and right images. If the 
final images are to be scaled in size 
to fill the available plotting space, 
then the focus distance, F, can be 
ignored since it will only be re­
placed by some other scale factor.

In the derivations of the stereo­
scopic projection equations, the ori­
gin in the left and right picture 
planes was assumed to be defined 
by a perpendicular line from the 
viewing point to the picture plane. 
The result of this definition is that 
the origin of the three-dimensional 
coordinate system will be displaced 
sidewise in the left and right pic­
ture planes by an amount D/(2R). 
If the three-dimensional data is 
centered about the three-dimen­
sional origin, its projections will 
similarly also be displaced. More 
efficient use of the plotting space 
will be made if this origin displace-

A. Michael Noll, Ph.D. (E.E.) is on the staff of the Office of Science and Technology of the Executive 
Office of the President, Washington, D.C., a post he came to from ten years with Bell Telephone Labs, 
Murray Hill (N.J.). There, he was early concerned with computer simulations and investigations of 
short-time spectrum analysis and the cepstrum method for vocal pitch determination. His interests also 
included computer-generated 3-dimensional displays of data, application of computer technology to the 
visual arts and psychological investigations of human reactions to pseudo-random patterns. At the time 
he left Bell Labs in 1971 he was exploring more effective forms of man-machine communication, includ­
ing real-time 3-dimensional computer graphics and tactile communication. He has been widely pub­
lished and his “computer art" has been exhibited throughout the world and shown on network television. 
He holds four patents in automatic speech production. He is the recipient of numerous degrees and 
honors. He is a native of New Jersey.

Page 20 /  SID Journal



ment is corrected for, and this correction results in the
following equations:

where S is a scaling factor into which the focus dis­
tance F has been absorbed.

0 X
Y

A, 3k

Figure A1. The geometry of stereoscopic 
projection as viewed perpendicularly to 
the XZ plane. The point P is being pro­
jected on to the left and right picture 
planes.

Figure A2. The geometry of stereoscopic 
projection as viewed perpendicularly to 
the YZ plane.

This paper is submitted in partial ful­fillment of the requirements for the Doc­tor of Philosophy degree at the Polytech­
nic Institute of Brooklyn.
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